Abstract. Let U q (g) be the quantum affine superalgebra associated with an affine Kac-Moody superalgebra g which belongs to the three series osp (1|2n) ( 1) , sl(1|2n) (2) and osp(2|2n) (2) . We develop vertex operator constructions for the level 1 irreducible integrable highest weight representations and classify the finite dimensional irreducible representations of U q (g). This makes essential use of the Drinfeld realisation for U q (g), and quantum correspondences between affine Kac-Moody superalgebras, developed in earlier papers.
Introduction
Quantum supergroups and quantum affine superalgebras were introduced in the early 90s [2, 20, 21] , which have important applications in a number of areas such as low dimensional topology [13, 24, 29] and statistical mechanics [2, 33] . There was extensive work in the 90s on the representation theory of quantum supergroups associated with finite dimensional simple Lie superalgebras [1, 16, 22, 25, 27, 28, 35] , and the gl(m|n) super Yangian [30] (see [32] for a review of early results). Representations of some classes of quantum affine superalgebras were also studied: the integrable highest weight representations were well understood [31] for the quantum affine superalgebras associated with the affine Lie superalgebras without isotropic real roots; the finite dimensional irreducible representations and evaluation representations of the untwisted quantum affine superalgebra U q (gl(m|n) (1) ) were thoroughly treated in recent years [17, 23] . We mention in particular that finite dimensional representations of the quantum supergroup U q (gl(m|n)) all lift to evaluation representations of U q (gl(m|n) (1) ), a fact which has long been known [26] .
One of the problems hindering progress in the study of quantum affine superalgebras was the lack of Drinfeld realisations [6, 7] except for the case of U q (gl(m|n) (1) ) [21] . This is rectified [19] recently for the quantum affine superalgebras U q (g) associated with the affine Kac-Moody superalgebras g belonging to the three series given in (2.1). The Drinfeld realisations of the quantum affine superalgebras will be used in an essential way in this paper.
Let g be an affine Kac-Moody superalgebra given in (2.1). We will construct vertex operator representations and classify the finite dimensional irreducible representations of U q (g). The main results are given in Theorem 3.1 (and its variations in Sections 3.3 and 3.4) and Theorem 4.2. Finite dimensional representations of quantum affine superalgebras play a crucial role in constructing soluble models of Yang-Baxter type [2] ; vertex operator representations have a direct connection with conformal field theory. Results of this paper are potentially applicable to mathematical physics.
The vertex operator representations of U q (g) constructed here are realised on quantum Fock spaces; they are level 1 irreducible integrable highest weight representations relative to the standard triangular decomposition. Recall that there exists a well defined notion of integrable highest weight representations [31] for U q (g) with g belonging to (2.1), even though this is not true for most of the other quantum affine superalgebras. We point out that our construction here is heavily influenced by work of Jing [8, 9] on the vertex operator representations of ordinary quantum affine algebras.
The finite dimensional irreducible representations of U q (g) are shown to be level 0 highest weight representations relative to another triangular decomposition. We obtain the necessary and sufficient conditions on the highest weights for irreducible highest weight representations to be finite dimensional. The conditions are described in terms of Drinfelds highest weight polynomials. The proof of the classification theorem (Theorem 4.2) makes essential use of results of Chari and Pressley in [3, 4, 5] on ordinary quantum affine algebras. Another important ingredient in the proof is quantum correspondences between affine Lie superalgebras developed in [18, 31] . Some of the quantum correspondences appear as S-dualities in string theory in work of Mikhaylov and Witten [15] .
Drinfeld realisation of quantum affine superalgebras
Consider the following affine Kac-Moody superalgebras osp(1|2n) (1) , sl(1|2n) (2) , osp(2|2n) (2) , n ≥ 1. (2.1)
Here the notation is as in [11] , with osp(1|2n) (1) denoting the untwisted affine Lie superalgebra of osp(1|2n), and osp(2|2n) (2) and sl(1|2n) (2) the twisted (by order two automorphisms) affine Lie superalgebras of osp(2|2n) and sl(1|2n) respectively. The Dynkin diagrams of the affine Lie superalgebras are as follows.
osp(1|2n)
(1)
More details on their root systems can be found in [11] (also see [18, 31] ). Note in particular that these affine Lie superalgebras do not have isotropic odd roots. Let g be an affine Lie superalgebra in (2.1). We denote by A = (a i j ) its Cartan matrix, which is realised in terms of the set of simple roots Π =
. A simple root α i is odd if the corresponding node in the Dynkin diagram is black, and is even otherwise.
Let q 1/2 be an indeterminate, and let C(q
) be the field of rational functions in q
for all α i ∈ Π.
Definition 2.1 ([31]
). Assume that g is one of the affine Lie superalgebras osp(1|2n) (1) , sl(1|2n) (2) and osp(2|2n) (2) . The quantum affine superalgebra U q (g) is an associative superalgebra over C(q 1/2 ) with identity generated by the homogeneous elements
, where e j , f j are odd for odd simple roots α j , and the other generators are even, with the following defining relations:
2)
where k
, Ad e i (x) and Ad f i (x) are respectively defined by
For any x, y ∈ U q (g) and a ∈ C(q 1/2 ), we shall write
and Ad
Drinfeld realisations.
In a recent paper [19] , we constructed the Drinfeld realisations of the quantum affine superalgebras U q (g). To describe the Drinfeld realisations, we let I = {(i, r) | 1 ≤ i ≤ n, r ∈ Z}. Define the set I g by I g := I if g = osp(1|2n) (1) or sl(1|2n) (2) ; and I g := I\{(i, 2r + 1) | 1 ≤ i < n, r ∈ Z} if g = osp(2|2n) (2) . Let I * g = {(i, s) ∈ I g | s 0}. Also, for any expression f (x r 1 , . . . , x r k ) in x r 1 , . . . , x r k , we use sym r 1 ,...,r k f (x r 1 , . . . , x r k ) to denote σ f (x σ(r 1 ) , . . . , x σ(r k ) ), where the sum is over the permutation group of the set {r 1 , r 2 , . . . , r k }. [19] ). For g = osp(1|2n) (1) , sl(1|2n) (2) or osp(2|2n) (2) , the quantum affine superalgebra U q (g) is generated by 
Proposition 2.2 (Drinfeld realisation
where the u i, j,r are given in (2.10); andκ
where θ = 2 if g = osp(2|2n) (2) and
In the above, the scalars u i, j,r (r ∈ Z, i, j = 1, 2, . . . , n) are defined by osp(1|2n) (1) :
:
sl(1|2n) (2) :
Remark 2.3. The defining relations given above are super analogues of those in the Drinfeld realisations of quantum affine algebras given in [6] . The relations in [6] have slightly different form, but are equivalent to the original relations given by Drinfeld [7] . They are more convenient to use for proving the equivalence of the Drinfeld-Jimbo presentation and Drinfeld realisation.
For the purpose of studying vertex operator representations, it is more convenient to present the Drinfeld realisation in terms of currents. For this, we will need the calculus of formal distributions familiar in the theory of vertex operators algebras. Particularly useful is the formal distribution δ(z) = r∈Z z r , which has the following property: for any formal distribution f (z, w) in the two variables z and w, we have f (z, w)δ(
A detailed treatment of formal distributions can be found in, e.g., [12] .
Given any pair of simple roots α i and α j of g, we let 11) be the Taylor series expansion at z = 0 of f i j (z)/h i j (z), where
Now we introduce the following formal distributions in
]] for g = osp(1|2n) (1) and
,
Lemma 2.4. Let g = osp(1|2n) (1) , sl(1|2n) (2) or osp(2|2n) (2) . Then U q (g) has the following presentation. The generators are
the relations in terms of formal distributions are given by:
14)
where g i j are defined by (2.11), and ρ z,w = (z/w) 1/2 if g = osp(1|2n) (1) and i = n, and ρ z,w = 1 otherwise.
where θ = 2 if g = osp(2|2n) (2) , and
Proof. This can be proven by straightforward computation, thus we will not give the details. Instead, we consider only (2.16) as an example. The relations (2.7) and (2.8) lead to
Using the definitions of ψ i (z) and ϕ i (z) on the right hand side, we immediately obtain (2.16). In the opposite direction, we easily obtain (2.7) and (2.8) by comparing the coefficients of z −r w −s in (2.16).
2.2. Some general facts. We discuss some simple facts, which will be used in later sections.
Triangular decompositions.
We describe two triangular decompositions for the quantum affine superalgebra U q (g), which will be used later.
The standard triangular decomposition is A U q (g)-module generated by a highest weight vector is a highest weight module with respect to the given triangular decomposition. We will study highest weight representations with respect to both triangular decompositions in later sections.
Comments on spinoral type modules.
One can easily see that there exist the following superalgebra automorphisms of U q (g). 20) for any given ε i ∈ {±1}. If V is U q (g)-module, we can twist it by ι ε to obtain another module with the same underlying vector superspace but the twisted
Recall the notion of type-1 modules in the theory of ordinary quantum groups and quantum affine algebras. For quantum supergroups and quantum affine superalgebras, a type-1 module over U q (g) is one such that the k i (i = 0, 1, . . . n) act semi-simply with eigenvalues of the form q m i for m ∈ Z. Any weight module over an ordinary quantum group or quantum affine algebra can be twisted into a type-1 module by analogues of the automorphisms (2.20) . However, that is no longer true in the present context. As we will see from Theorem 4.2, some finite dimensional simple U q (g)-modules have
with m ∈ Z. It is not possible to twist such modules into type-1 by the automorphisms (2.20).
For easy reference, we introduce the following definition.
Definition 2.5. Call a U q (g)-module type-s, meaning spinoral type, if all k ±1 i act semi-simply with eigenvalues of the following form. If g = osp(1|2n) (1) or sl(1|2n) (2) , the eigenvalues of k i for 0 ≤ i < n belong to {q j | j ∈ Z}, and eigenvalues of k n to
, the eigenvalues of either k 0 , k n , or both belong to { √ −1q j+1/2 | j ∈ Z}, and the eigenvalues of the other k i to {q j | j ∈ Z}.
Type-s modules exist even for the quantum supergroup U q (osp(1|2)) associated with osp(1|2).
Example 2.6 (Type-s representations of U q (osp(1|2))). The quantum supergroup U q (osp(1|2)) is generated by E, F and K
±1
with relations KK
It has long been known that there exists an ℓ-dimensional irreducible representation of U q (osp(1|2)) for each positive integer ℓ. If ℓ is odd, the irreducible representation can be twisted into a type-1 representation; and if ℓ is even, to a type-s representation.
The smallest type-s example is the 2-dimensional irreducible representation, which is given by
Remark 2.7. The 2-dimensional irreducible representation of U q (osp(1|2)) does not have a classical limit, i.e., q → 1 limit, nor do all the even dimensional irreducible representations. This agrees with the fact that the finite dimensional irreducible representations of osp(1|2) are all odd dimensional.
The quantum affine superalgebra U q (g) for all g in (2.1) contains the quantum supergroup U q (osp(1|2)) as a super subalgebra. The type-s representations of U q (g) restrict to type-s representations of U q (osp(1|2)).
Vertex operator representations
We construct vertex operator representations of the quantum affine superalgebras U q (g) for all g in (2.1). These representations are level 1 irreducible integrable highest weight representations relative to the standard triangular decomposition (2.18) of U q (g). By level 1 representations, we mean those with γ acting by multiplication by ±q or √ −1q. Our construction involves generalising to the quantum affine superalgebra context some aspects of [14] . The vertex operators obtained here have considerable similarities with those [8, 9] for ordinary twisted quantum affine algebras.
3.1. The Fock space. Let ℓ(α i ) := (α i , α i ) for any simple root α i . For convenience, we choose the normalisation for the bilinear form so that ℓ(α n ) = 2 if g = osp(2|2n) (2) , and ℓ(α n ) = 1 otherwise. Let ℘ = (−1) 1/ℓ(α n ) q, and take
. Hereafter we will always consider U q (g) in the Drinfeld realisation given in Proposition 2.2 and Lemma 2.4. Denote by U q ( η) the subalgebra of U q (g) generated by the elements γ
where u i, j,−s is defined by (2.10). Then
The algebra U q (η) has the canonical irreducible representation on
Letġ ⊂ g be the regular simple Lie sub-superalgebra with the Dynkin diagram obtained from the Dynkin diagram of g by removing the node corresponding to α 0 . Thenġ = osp(1|2n) in all three cases of g. Let Q be the root lattice ofġ with the bilinear form inherited from that of g. We regard Q as a multiplicative group consisting of elements of the form e α with α ∈ Q. Let C[Q] be the group algebra of Q. Given any variable z and any root α, we define a linear operator on C[Q] by
We also define the linear operator σ i on C[Q] for all i = 1, 2, . . . , n by
Write Φ i = n k=i σ k for 1 ≤ i ≤ n and Φ i = 1 for i > n. It is easy to check that Φ i .e ±α j = (−1) δ i, j +δ i+1, j e ±α j for 1 ≤ i, j ≤ n and Φ 2 i = 1. We also need some basic knowledge of the q-deformed Clifford algebra C q , which is generated by k(r), k(s) (r, s ∈ Z + ) with relations
We use Λ(C q − ) to denote the exterior algebra generated by k(r) for r < 0, and denote by Λ(C q − ) 0 (resp. Λ(C q − ) 1 ) the subspace of even (resp. odd) degree, where k(r) (r < 0) are regarded as having degree 1. Define the linear operators
;
where Q 0 is the lattice spanned by the set of roots with squared length 2 and
Construction of the vacuum representations.
We start by defining
, and introducing the following formal distributions:
where
. Using them, we define linear operators
.
We have the following result. 
otherwise; (2) , i n;
Proof. The irreducibility of V as a U q (g)-module follows from the fact that the U q (η)-module S (η − ) and U q ( η)-module W are both irreducible. This was proved in [10] . Thus the proof of the theorem essentially boils down to verifying that the operators H i (k) and X ± i (k) satisfy the commutation relations of κ i,k and ξ ± i,k . We show this by using calculus of formal distributions. Consider the vertex operators (3.6) in the case of g = osp(1|2n) (1) . We claim that they satisfy the following relation (cf. (2.16)):
where :
where we have used the Baker-Campbell-Hausdorff formula. 
Using these we obtain
(z+w)(zw)
where [α i ] = 0 if α i is an even root, and 1 otherwise. This in particular shows that (3.8) holds for all i j. In the cases with i = j, by using f (z, w)δ(
where V + i (z) and V − i (z) are defined by (3.9) . Note that
These formulae immediately lead to (3.8) .
To consider the Serre relations, we take as an example the relation (2.17) when (α i , α j ) = −1. In this case, (2.17) is equivalent to
. Thus, we need to show
which can be simplified to :
Similarly we can show that
Note that i = j−1 or j+1 in this case. Then two relations above immediately imply (3.11) . Similar computation proves the theorem for the other g. 3.3. Construction of the other level 1 irreducible representations. We now consider the vertex operator construction for the other level 1 irreducible integrable highest weight representations with respect to the standard triangular decomposition (2.18). Observe that for U q (osp(1|2n) (1) ), the vacuum representation is the only such representation. Thus we will consider U q (g) for g = sl(1|2n) (2) and osp(2|2n) (2) only. We will only state the main results; their proofs are quite similar to those in Section 3.2.
We maintain the notation of Section 3.2.
3.3.1. The case of U q (sl(1|2n) (2) ). There is only one irreducible integrable highest weight representation at level 1 beside the vacuum representation. It can be constructed as follows.
Recall the definition of W in (3.5). Let λ n be the fundamental weight oḟ g corresponding to α n , and consider the subset λ n + Q of the weight lattice ofġ. The linear operators z α defined by (3.3) act on the group algebra of the weight lattice ofġ in the obvious way. Denote W n = e λ n C[Q] and V n = S (η − ) ⊗ W n . Then V n is the level 1 simple U q (sl(1|2n) (2) )-module with the action give by (3.7) in terms of vertex operators. The highest weight vector is 1 ⊗ e λ n .
3.3.2.
The case of U q (osp(2|2n) (2) ). There are another two simple integrable highest weight modules at level 1, respectively associated with the fundamental weights λ 1 and λ n ofġ. Here λ 1 and λ n correspond to α 1 and α n respectively. To construct the representations, we need the following qdeformed Clifford algebra C q , which is generated by t(r), t(s) (r, s ∈ Z) with relations
These are q-deformed Ramond fermionic operators. Similar to Section 3.1, we define linear operators T (s) acting on
and T (0) acts as the identity.
and use it in (3.6) to obtain the corresponding vertex operators. Now define
and (1) and V (n) are the simple U q (osp(2|2n) (2) )-modules at level 1 with the actions formally given by (3.7) but in terms of the new vertex operators. The highest weight vectors are 1 ⊗ e λ 1 ⊗ 1 and 1 ⊗ e λ n ⊗ 1 respectively.
3.4.
Another construction of vacuum representations. For the quantum affine superalgebras U q (osp(1|2n) (1) ) and U q (sl(1|2n) (2) ), it is possible to modify the vertex operators of the vacuum representations to make γ act by q, and this is what we will do in this section. The modified vertex operator representation of U q (sl(1|2n) (2) ) given here is of type-1. For both affine superalgebras, we choose in this section the normalisation for the bilinear form on the weight space so that (α n , α n ) = 1.
Recall the definitions of U q (η) and S (η 
where u i, j,−s is defined by (2.10). This differs from (3.1) in that ℘ is replaced by q. Now we have
and we obtain the following irreducible
Define the 2-cocycle C : Q × Q → {±1}, satisfying
such that C(0, β) = C(α, 0) = 1, and for any simple roots α i and α j ,
Obviously, Q has a unique central extension Q,
defined in the following way. We regard Q as a multiplicative group consisting of elements ±e 
(±K(z)), g = sl(1|2n) (2) .
and finally set
Similar arguments as those in the proof of Theorem 3.1 can prove the following result.
Theorem 3.3. Let g be osp(1|2n) (1) or sl(1|2n) (2) . Then the quantum affine superalgebra U q (g) acts irreducibly on the vector space V with the action defined by 
i,k .
Finite dimensional irreducible representations
In this section, we classify the finite dimensional irreducible representations of the quantum affine superalgebra U q (g) for the affine Lie superalgebras g in (2.1). We always assume that U q (g)-modules are Z 2 -graded (cf. Remark 4.4).
We choose the normalisation for the bilinear form on the weight space of g so that (α n , α n ) = 1.
4.1.
Classification of finite dimensional simple modules. We fix the triangular decomposition (2.19) for U q (g), and consider highest weight U q (g)-modules with respect to this triangular decomposition.
Let v 0 be a highest weight vector in a highest weight U q (g)-module, then for all i and r, 
19).
The following theorem is the main result of this section. Its proof will be given in Section 4.2.
Theorem 4.2. Let g = osp(1|2n) (1) , sl(1|2n) (2) and osp(2|2n) (2) . A simple U q (g)-module V is finite dimensional if and only if it can be twisted by some automorphism ι ε into a level 0 simple highest weight module satisfying the following conditions: there exist polynomials P i ∈ C[x] (i = 1, 2, . . . , n) with constant term 1 such that
where the equalities should be interpreted as follows: the left side is equal to the middle expression expanded at 0, and the right side to that expanded at ∞. In the above, t i = √ −1q
, and c i and d i are defined by
As an immediate corollary of Theorem 4.2, we have the following result. [4, 5] . However, there is an easier approach based on quantum correspondences between affine Lie superalgebras developed in [25, 31, 18] . The quantum correspondences allow one to translate results on finite dimensional simple modules of ordinary quantum affine algebras in [4, 5] to the quantum affine superalgebras under consideration. We will follow the latter approach here.
Facts on ordinary quantum affine algebras.
Corresponding to each g in (2.1), we have an ordinary (i.e., non-super) affine Lie algebra g ′ given in Table 1 , which has the same Cartan matrix as g. Table 1 . Quantum correspondence
We denote by {α (1 ≤ i, j ≥ n, r ∈ Z) be the generators of the quantum affine algebra U t (g ) (see [4, 5] for details). Highest weight U t (g 
The module is at level 0 if Υ ′ = ±1. Recall that weight modules over U t (g ′ ) can always be twisted to type-1 modules by automorphisms analogous to (2.20) . The following result is proved in [4, 5] . 
for all i, j ≥ 1 and r ∈ Z, and form the smash product U q (g) := U q (g)♯KG, which is a Hopf superalgebra. Similarly, let G ′ be the direct product of group Z 2 generated by σ We also form the smash product U t (g where ǫ = 1/2 if g = osp(2|2n) (2) , and 1 otherwise.
The map ϕ becomes a Hopf superalgebra isomorphism up to picture changes and Drinfeld twists; see [18, Remark 4.7. The same type of Hopf superalgebra isomorphisms, referred to as quantum correspondences in [18] , exist for a much wider range of affine Lie superalgebras [18, Theorem 1.2] . Some of them appear as S-dualities in string theory as discovered in [15] . By Proposition 4.6, V ′ naturally admits the U q (g)-action
It restricts to a simple highest weight U q (g)-module at level 0 such that [18] that there exists an element u ∈ G which is the grading operator in the sense that uxu −1 = (−1) [x] x for all homogeneous x ∈ U q (g). The even and odd subspaces of V ′ are then the ±1-eigenspaces of u. The above arguments go through in the opposite direction, i.e., from U q (g)-modules to U −q (g 
